The analytical expressions for the van der Waals potential energy and force between two crossed carbon nanotubes are presented. The Lennard-Jones potential for two carbon atoms and the method of the smeared out approximation suggested by L.A. Girifalco were used. The exact formula is expressed in terms of rational and elliptical functions. The potential and force for carbon nanotubes were calculated. The uniform potential curves for single-and multi-wall nanotubes were plotted. The equilibrium distance, maximal attractive force, and potential energy have been estimated.
I. INTRODUCTION
The van der Waals (VDW) interaction plays very important role in Nano Electro Mechanical systems and Nano Electronic Devices 1,2 . Carbon nanotubes (CNTs) are promising material for creation a nanotweezers 3, 4 , nanoswitches 5, 6, 7 , bearings 8,9,10 , nanotube random access memory 11, 12 , etc. The VDW forces are very critical for understanding the growth mechanism of fullerenes and nanotubes 13, 14, 15 and formation process of ropes and bundles 16, 17, 18 . Potentials for graphite layers 19, 20 , two fullerenes 21, 22, 23, 24 , fullerene and surface 25, 26 , nanotube and surface 9, 27, 28 , fullerenes inside and outside of nanotubes 29, 30, 31, 32, 33 are well studied. There are a number of publications devoted to interaction between the inner and the outer parallel tubes such as single-(SWNTs) 29, 34, 35, 36 , double- 37, 38 , and multi-wall nanotubes (MWNTs) 39, 40, 41 .
The present work is dedicated to interplay between two CNTs crossed at arbitrary angle. Problems related with application of molecular dynamics and density functional theory for such kind of calculations are discussed for example in Refs. 29 and 36. To evaluate potential between two crossed SWNTs or MWNTs we apply the continuum Lenard-Jones (LJ) model suggested by L.A. Girifalco 21 .
The model potentials for the VDW interaction are based on empirical functions whose parameters are obtained from experiment. It is remarkable that they have been so successful in providing a unified, consistent description of the properties that depend on the weak interactions between and among graphene sheets, fullerene molecules, and nanotubes.
II. ANALYTICAL APPROACH

A. Model
The LJ potential for two carbon atoms in graphenegraphene structure is
where r is a distance, A = 15.2 eV ·Å 6 and B = 24100 eV ·Å 12 are the attractive and repulsive constants respectively 29 . We approximate the potential between two crossed SWNTs by integration of LJ potential
Mean surface density of carbon atoms for hexagonal structure is
where a 1 = 1.42Å is observed value of the C-C bond lengths for periodic graphite 37 . If we know van der Waals interaction between two SWNTs then we may obtain interaction between MWNTs by summation over all pairs of layers 40 .
B. Ancillary integrals
To calculate the VDW interaction between two nanotubes we have to take few useful integrals. For integral of LJ potential between two straight lines
we obtain where γ is angle, r is distance between lines, and index ll means "line-line". For next integral between line and tube we have
where t is tube radius, r is distance between line and axis of tube, and index lt means "line-tube". Figure  1a illustrates the schematic image of SWNT and line.
Introducing new variable u = tan(β/2) and using method of partial fractions we get
where
C. Tube-tube interaction potential
Figure 1b schematically shows the interaction between two MWNTs crossed at right angle. Parameter a 2 = 3.44Å is the average distance between two layers in MWNTs 37 , d is the gap between tubes. In particular case these tubes may consist only of one layer. We notice t 1 as a radius of first SWNT, and t 2 as a radius of second one (r = d + t 1 + t 2 ). The interaction potential between two SWNTs is ϕ tt (r, t 1 , t 2 ) = 2ν
where y(x) = t 2 2 − (x − r) 2 , index tt means "tubetube".
Introducing dimensionless parameters
and using (7) we have
After some transformations we write
where multipliers for attractive and repulsive terms are
The obtained Eqs. (12, 13) represents the elliptic integrals. In modern mathematics elliptic integral is defined as integral R(x, y)dx, where R(x, y) is rational function of x and y, and y 2 is a qubic or quartic polynomial in x. With the apropriate reduction formula every elliptical integral can be expressed in terms of elementary functions and canonical elliptic integrals of first, second and third kind. The method of integration is quite complicated but well known 42, 43, 44, 45 . We would like to present only final answer. For attractive part we have the dimensionless parameter
and matrixes of integer coefficients are
Analogically for repulsive part we write the dimensionless parameter
. (20) Matrixes of integer coefficients {p BK } and {p BE } are placed in Table I and II respectively.
As we see the final result (11) is quite huge but it is working much better then usual numerical integration, because this analytical formula provides high accuracy and high speed of calculations.
D. Tube-tube force
The VDW resulting force caused by VDW interaction energy is
Using expressions
and
it is possible to obtain the analytical formula for VDW force. After usual differentiation over r we have
The dimensionless coefficients for attractive and repulsive part of force are expressed as Matrixes {q BK } and {q BE } are given in Table III and IV respectively.
E. Potential and force between equivalent tubes
The potential and force can be expressed essentially simpler in the case when radii of interacted tubes are 
and 
. (37) By totally the same way in the case of t 1 = t 2 for force we have 
III. RESULTS AND DISCUSSION
We have studied the WDV interaction between two crossed CNTs by using the continuum LJ approximation. The analytical integrations for the potential energy of interaction between two identical SWNTs are plotted in Fig. 2 . We assume nanotubes are crossed at a right angle in all our following illustrations and calculations both for SWNTs and MWNTs. We use parameter d = r − 2t to characterize the distance between tubes. Based on the results illustrated in Fig. 2 , it can be concluded that real gap between surfaces of interacting SWNTs in equilibrium state is changed slightly in range d = 2.92..2.93Å. This distance is practically independent from the angle of nanotube intersection and the diameter proportion. For comparison in Ref. 21 the equilibrium gap between two fullerenes C 60 is given as 2.95Å.
In the case of MWNTs interaction we apply another attractive (A = 18.6eV·Å 6 ) and repulsive (B = 29040eV· A 12 ) constants which reproduce the layer distance of 3.35
A and the elastic constant C 33 = 4.08 GPa of graphite 37 . We assume that each pair of layers interacts as SWNTs and use summation over all pairs. The potential energy for two MWNTs of equivalent radii is plotted in Fig. 3 . In these calculations we assume that each MWNT consists exactly of 10 walls. The equilibrium distance between their surfaces is found to be d 0 = 2.87Å, which is smaller then the equilibrium SWNT-SWNT gap. Table V .
It was found that the VDW interaction between C 60 − C 60 , C 60 -SWNT, C 60 -graphene, graphene-graphene, parallel SWNT-SWNT, and parallel MWNT-MWNT can be described by a universal curve 29, 34, 40 . In our case universal curve means that a plot of ϕ tt = ϕ tt /|ϕ 0 tt | against d = d/d 0 gives the same curve for all tube-tube interactions, where ϕ 0 tt is the minimum energy and d 0 is the equilibrium spacing for the two crossed tubes. As pointed above, the equilibrium distances are approximately constants both for SWNTs and MWNTs.
We have calculated the minimum energy ϕ 0 tt for SWNTs of different radii (Table VI) as well as for MWNTs (Table VII) . These results can be described by approximating formula approximating formula gives very good accuracy. Using dimensionless potential ϕ tt we can fit the potential of interaction between pairs of different SWNTs to one uniform curve and between pairs of different MWNTs to another one (Fig. 4) . It is remarkable that plots for CNTs of the different radii fall down in the corresponding curves with accuracy of line thickness. For comparison Fig. 4 also shows a universal potential suggested by Girifalco L.A. et al. 29 . Figs. 5 and 6 show forces for two CNTs of equivalent radii. As we see in figures the behavior both for SWNTs and for MWNTs is qualitatively similar. The distance where attractive force reaches its maximum is in range 3.40-3.41 for SWNTs and it is practically constant, 3.36 A for MWNTs.
IV. SUMMARY AND CONCLUSIONS
In summary, we used Lennard-Jones potential for two carbon atoms and apply method of the smeared out approximation suggested by L.A. Girifalco to calculate interaction between two crossed CNTs of uniform and different diameters. The exact formulas for potential energy and van der Waals forces are expressed in terms of rational and elliptical functions. These formulas become essentially simpler in the case of interaction between equivalent tubes. We estimated the equilibrium distance, maximal attractive force and potential energy for SWNTs and MWNTs. We plotted uniform potential for SWNTs and MWNTs.
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